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The Discrete Coagulation-Fragmentation Equations:
Existence, Uniqueness, and Density Conservation

J. M. Ball' and J. Carr!

Received October 25, 1989

The discrete coagulation-fragmentation equation describes the kinetics of cluster
growth in which clusters can coagulate via binary interactions to form larger
clusters or fragment to form smaller ones. These models have many applications
in pure and applied science ranging from cluster formation in galaxies to the
kinetics of phase transformations in binary alloys. Our results relate to existence,
uniqueness, density conservation and continuous dependence and they
generalise the corresponding results in [ref. 2] for the Becker-Doring equations
for which the processes are restricted to clusters gaining or shedding one particle.
Examples are given which illustrate the role of the assumptions on the kinetic
coefficients and show the rich set of analytic phenomena supported by the
general discrete coagulation-fragmentation equations.

KEY WORDS: Existence theorems; admissibility; coagulation; fragmenta-
tion; clustering.

1. INTRODUCTION

In this paper we discuss the mathematical theory of a model for the
dynamics of cluster growth. Such models arise in a wide variety of
situations; examples include astrophysics, atmospheric physics, biology,
colloidal chemistry, polymer science, and the kinetics of phase transitions
in binary alloys. The basis for the models is that the system under
consideration can be viewed as consisting of a large number of clusters that
can coagulate to form larger clusters or fragment to form smaller ones. In
the model analyzed in this paper the clusters are assumed to be discrete,
that is, they consist of a finite number of smaller parricles. The particles
may be atoms, molecules, cells, etc., depending on the application.
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If¢;(1) =0, j=1, 2,..., denotes the expected number of clusters consisting
of j particles (j-clusters) per unit volume, then the discrete coagulation-
fragmentation equations are

1]—-1 ©

Z( k,kcj—kck_bjfk,kcj) Z( ijCk_bj,ij+k) (1.1)

for j=1,2,... The coagulation rates a;, and fragmentation rates b, , are
nonnegative constants with a,,=a, ; and b,, =b, ;. In Eq. (1.1) the first
two terms represent the rate of change of the j-cluster due to the
coalescence of smaller clusters and the breakup of the j-cluster into smaller
clusters. The final two terms represent the change due to coalescence of the
J-cluster with other clusters and the breakup of larger clusters into
Jj-clusters. For a derivation of this equation and its analogue in which the
cluster size is a continuous variable see ref. 7. The model neglects (among
other things) the geometrical location of clusters and spatial fluctuations in
cluster density. For further information on these effects see refs. 5 and 6.

Since particles are neither created nor destroyed in the interactions
described by (1.1), we expect the density p =372, jc;(¢) to be a conserved
quantity. Mathematically, this is equivalent to

hmj S Z W, (c(s)) ds =0

=00 o k=n—j+1

def . .
where W, (c) - 1 kCiCx — by xCj 1 1. In certain circumstances, however, the
density is not conserved. To illustrate this and other phenomena, we
consider some special cases.

{a) Pure coagulation. Here b,, =0 for all j and k. We further
specialize to the following two idealized forms of coagulation kernel:

a;, =+ k* (12)
= (Jk)* (1.3)

where o« > 0. The additive form (1.2) arises if we assume that binary inter-
actions of clusters occur randomly with a rate proportional to the total
effective surface area of the coagulating clusters. For compact clusters in d
dimensions « =1—d~!, but other values of « are also of interest.®®) The
multiplicative form (1.3) might apply to situations in which bond linking
was the dominant mechanism. Note that, for the kernel (1.2}, the rates for
large-large and large-small interactions have the same order of magnitude
(ie, a;,=a, , for large j and small k), whereas for (1.3), large-large inter-
actions domimate.
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If «>1/2, then for the kernel (1.3} density conservation can break
down in finite time.®®) This is interpreted as the appearance of an infinite
cluster or gel. For the kernel (1.2) we prove in Theorem 3.6 that if a solution
exists, then density is conserved.

To gain some insight into the dependence of the rate of growth of
clusters, we use a technique due to Leyvraz and Tschudi? to relate
solutions of (1.1) having different initial data. We first consider the kernel
(1.2), so that (1.1) takes the form

ljfl ) oo .
G=5 2 LU=k +kTc,_re— 3 (G5 +E)cse, (1.4)
2k=1 k=1
Let ¢} be a solution of (1.4) with initial data ¢;(0)=4,,. For positive
integers #, define ¢"(¢) =(cj (1)), j=1, 2,.., by

c()y=n""cl(n* 1)
it ! . (1.5)
ch(t)=0, r not a multiple of n

It is then easy to check that ¢"(¢) is a solution of (1.4) with initial data
given by ¢} (0) = n~='6,,. From (1.5) we see that the time scale for this class
of solutions depends on the sign of o —1. In fact, if <1, we get global
existence for the general initial value problem (with initial data having
finite density), while if « > 1, we have nonexistence of global solutions.
For the kernel (1.3), let ¢! be the solution of (1.1) with initial data
¢;(0)=9;,. It is shown in ref. 10 that the appropriate scaling is
cn(t)=n"lc;(n** '), c"(t)=0 otherwise (1.6)
From (1.6), we see that «=1/2 is the critical parameter value. Global
solutions for the initial value problem exist for « < 1 (see ref. 9 for a proof),
but density conservation breaks down after a finite time if a>1/2. Tt is

interesting to note that if « > 1, we can still have global existence for this
(10)
case.

(b) Pure fragmentation. Here a;, =0 for all j k, so that (1.1)
becomes linear. For any initial data with finite density, (1.1) has a density-
conserving solution. However, for a large class of fragmentation coefficients
(for example, b, , = (j+k)?, B> —1), there are solutions with density e”
for any 4> 0; in particular, solutions need not be unique. These spurious
solutions are not of physical interest, and this leads to the problem of finding
a criterion for selecting the correct solution for the general equation {(1.1).

(c) The Becker-Doring equations. Here a;;, =b,, =0 if both j and k
are greater than 1. The mathematical theory of these equations has been
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studied in ref. 2. In this case the density is always a conserved quantity. The
asymptotic behavior of solutions is interesting both mathematically and for
applications. Under certain hypotheses on the rate coefficients and the
density of the initial data, we have that

e o) @
p= Z Jei()> Z J im ¢;(¢)=p;
i=1 j=t ==
The excess density p — p, corresponds to the formation of larger and larger
clusters as 7 — o0, and may be interpreted as a transition from microscopic
to macroscopic clusters. See also ref. 12 for an analysis of metastable
solutions and refs. 3 and 14 for some technical refinements.

The aim of this paper is to obtain some of the fundamental resuits
needed to extend the work on the Becker-Déring equation to more
realistic models in which all interactions are allowed. The class of kinetic
coefficients that we have in mind are a,,=O(j*+k*) with a<1 and
biv=0,,0,00Q; )", where Q,~z ’exp(—4”) and z,, 4, and p are
positive constants with p < 1. (See Section 6 for a discussion.) In particular,
we will not study situations in which coagulation can lead to density
breakdown. In ref. 4 we use the theory developed here to study the
asymptotic behavior of solutions.

Before outlining our results, we review what is known about the
mathematical theory of solutions of (1.1). Spouge!'® has proved existence
under the assumption a;, = o(jk) and a technical condition on b;, which
implies that it is bounded (see also ref. 9). White!!” has proved existence
under the assumptions b;,=0, a;,<j*+k% 32, j"c;(0)<co0, where
0<a<1 and m>a is an integer. Aizenmann and Bak" construct a
complete mathematical theory for the continuous analogue of (1.1) for the
case in which the kinetic rates are 1. In particular, they single out the
physical solution by using semigroup theory and choosing an appropriate
domain for the linear operator associated with the fragmentation. Finally,
Stewart!'® has extended some of the results in this paper to the continuous
analogue of (1.1).

Our results relate to existence, uniqueness, density conservation, and
continuous dependence. The existence result (Theorem 2.4) generalizes the
corresponding result in ref. 2 for the Becker—Doring equations and gives
global existence when the initial data has finite density and a;, = O(j + k).
This is proved by taking the limit N — oo of the system corresponding to (1.1)
in which the maximum cluster size is N. Theorem 2.5 shows that solutions
of (L1.1) constructed in this way conserve density, thus excluding the
nonphysical solutions mentioned earlier. It is also useful to have conditions
under which all solutions conserve density. Such a result is given in
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Theorem 3.6. The condition on the fragmentation rates needed for this
result has an interesting physical interpretation (see Section 6).

We give two uniqueness results; the first (Theorem 4.1) concerns all
solutions and the second (Theorem 4.2} applies only to solutions which
conserve density. We note that while Theorem 4.1 implies uniqueness for
our motivating example (see Section 6), it would be desirable to extend our
uniqueness results to a larger class of kinetic rates.

In Section 5 we study the differentiability of solutions and continuous
dependence of solutions on initial data. Finally, in Section 6 we give a
number of examples which illustrate the role of the assumptions on the
kinetic coefficients.

2. EXISTENCE OF DENSITY-CONSERVING SOLUTIONS

We first introduce some notation. Let

20

X={y=0)lyl<oo}, lyl=23 riyl

r=1

(X, ||-1) 18 a Banach space. We write y =0 if y,>0 for each r and set
Xt={yeX:y=0}.

As well as strong (norm) convergence in X, we will make use of weak*
convergence: a sequence y” converges in the weak* sense to y in X
(symbolically y™ %~ y) if (i) sup,, ||| < oo and (i) y'—> y, as m - oo for
each r. ‘

Definition. Let 0 <T'< 0. A solution ¢=(c;) of (1.1) on [0, T) is
a function ¢: [0, T) - X such that:

(1) Each ¢;: [0, T)— R is continuous and sup, .o 5 llc(?)l] < 0.
(ii) For j=1,2,..,
; ©

j Z a; ecr(s) ds < oo, f z Ciox(s)ds <0
0 k=1 —

for all te [0, T).
(i) Forj=1,2,..,

cj(z)=c,.(0)+j0tBj_§1 Wiasels) = W ulets) }ds

for all te [0, T).

822/61/1-2-14
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It follows easily from the above definition that if ¢ is a solution on
[0, T), then each ¢, is absolutely continuous, so that ¢ satisfies (1.1) for a.e.
te[0, 7).

As in earlier work on similar equations,!*'*!>) we prove existence of
solutions by taking a limit of solutions of the finite-dimensional system

172

n—j
éj=§ Y W, _pilc)— Y W, k(c), 1<jgn (2.1)
k=1 k=1
c;(0)=0, 1<j<gn
The following identity will be useful for finding bounds on solutions
of (2.1).

Lemma 2.1. Let ¢ be a solution of (2.1) and let (g;) be a sequence
of real numbers. Then for 1 <m<n,

i | 1
Z gjcj:EZ (gj+k— g gk)pI/j,k+—i;gj+k I’Vj,k+z (gj+k_ 8i) I/Vj,k
=m 2

Ty T3

2.2)

Ty={(j,k):j,kzm, j+k<n}
T,={(,kym<j+k<n, jk<m}
Ti={(jky1<j<m—Lk>=m, j+k<n)}

with the sums equal to zero if the associated region is empty. (See Fig. 1.)

T3
m j
T3 .

T T2

T2

(a) {b)

Fig. 1. Location of the region T for the cases (a) 2m<n, (b) 2m>n.
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Proof. Let T,={(j,k):1<k<m—1,j>m, j+k<n}. Then the T,
i=1,..,4, are disjoint, and Ui_, T,={(j, k): m<j+k<n}. Using the
symmetry of the coagulation and fragmentation coefficients and (2.1), we
have that

n . 1 ln—l ln—l n—k
> 84=7 Z g/+ij,k—§ L& L W3 Y& LW
=m j+k j=m k=m Jj=1

k=m

the last two terms being equal. The result follows from grouping the above
terms into common regions in j—k space. |

Lemma 2.2. The system (2.1) has a unique solution for ¢ >0 with
c, ()20, 1<j<n, and 37_, jo; (1) =27_, j;(0).

Proof. The nonnegativity of each c;(¢) may be proved in exactly the
same way as the corresponding result in ref. 2 (see also ref. 15 for an
alternative proof). The fact that 3'7_, jc;(¢) is a constant of the motion
follows by setting g;=j in Lemma 2.1, and the global existence follows
from the bounds 0 <c;(1)<j~ ' X7_, je, (0). 1

Lemma 2.3. Assume that a,, <K, jk for all j, k> 1, where K, is a
constant. Let ¢” be a solution of (2.1) and let p"(0)=37_, jc;(0). Then

% {e" [ Z jer(t) + 2mKop"(0)2:|} <0

forall m<n, t=0.

Proof. By Lemma 2.1,

d & 1
Eszmjc;?(t)=§;(J+k) e ")+ZJ ")
Hence
{ I:zn: c;(t) +2mK,p"(0) ]}

1 n
3+ W+ X Wy 3 Jef(0) = 2mKopOF |

-z 2
<3

1 ,
3 Z (j+k)a;c; ck+Z]aj,kc}'c2—2mKOp"(0)2]
T3

1
< Kje™* I:EZ (j+ k)jkcj’.‘cz-i—ijkc}’cZ—2mKOp”(0)2]
T3

T
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Now
Y (j+k) jkefer<2m 'y jkecy <2mp™(0)?

i T

and

Y jPkerer<m Y, jkeher <mp"(0)
T3 T3

The result follows. |

The following existence theorem generalizes to the full set of discrete
coagulation-fragmentation equations the corresponding result in ref. 2,
Corollary 2.3, for the Becker-Ddring equations. The proof follows a similar
pattern, the main difficulty being to find appropriate generalizations of the
a priori estimates. However, one difference is the use of Helly’s theorem
together with the preceding Lemma 2.3 to extract a convergent subsequence
of approximating solutions; this simplifies the corresponding argument in
ref. 2.

Theorem 2.4. Assume that a;, < K(j+k), for all j, k> 1, where K
is a constant. Let ¢c,e X*. Then there exists a solution ¢ of (1.1) on [0, )
with ¢(0) = c,.

Proof. Let ¢"(0)=(cqy, Co2ses Con)- By Lemma 2.2, the system (2.1)
has a unique solution ¢” on [0, c0) with ¢}(z) >0 for 1 <j<n and

Y jei(ty=Y je(0)  forall >0 (2.3)

We regard c"(¢) as an element of X™ by defining c7(¢)=0 if j>n. Thus,
fe*(D)lf < lleoll and 0< ¢} (1) < j~ ol for all j and #. Let

s0=e| ¥ jc;(z)+zmxop“(0)2]
j=m

where K,=2K. By (2.3) and Lemma 2.3, for each fixed m, the functions
9% (-), n=m, are of uniformly bounded variation on [0, o). Hence, by
Helly’s theorem, there exists a subsequence, again denoted by 97, such that
87 (1) —> 3,,(t) as n— oo for each >0, for some function 9,, of bounded
variation. Since

i (="' I8 (=97, (D] + 2~ Kop™(0)?

it follows that there exist a subsequence, which we continue to denote by
¢", and functions ¢;: [0, o) —» R, each of bounded variation on every
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compact subset of [0, c0), such that c7(¢) - c;(7) as n— oo for each 72 0.
Clearly, ¢,;(t)>0 and

x

Z ()<licl  forall >0 (2.4)

In order to pass to the limit in the integrated form of the Jth equation
in (2.1), we will prove that for each 7>0, ¢>0, and positive integer J,
there exist M >J and N, > 3M such that

T
j (o () +x ()] di<e  forall nxN, (2.5)
4]

where

def n d[m—l n—1
n 2 tan n 4el . n
xp= Y jel,  pm= Yy Jbicli
=m

Jj=1 k=2m

Applying Lemma 2.1 with g,= j, we obtain
m(t)= ZJ (™) + 5 Z(J+k) j(e”) (2.6)

Let 2m < n. To obtain an estimate on the terms in the sum over T, in (2.6),
we apply Lemma 2.1 with

_ j for m<j<2m
&= 1oam m+1<j<n

Then, with an obvious notation,

ijc';’+2m Z e
= Zﬂjk Wikl +5 Z(J+k) k(c)+Z ") (2.7)

T2
For (j, k)e T, we have that pu;, = u, ; and

2m—(j+k) for j,k<2m
Wie=% —j for j<2m, k>2m
—2m for j>2m, k>2m
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We note that
0< —uy;, <2m forall (j,k)eT,
For (j, k)e T; we have that

0 for k=2m
Aie=<J for j+k<2m
2m—k for j+k=22m+1, k<2m

Furthermore,
0< 4, and 0<j—7 forall (j,k)eT,
From (2.6)-(2.7), we obtain for 2m <n,
x, (1) =x,,(0) + ¢,(1) — ¢7,(0)
t
# | S0 =S b | Wisteion
0L T
where

2m
def
n Qe . n n
=Y je+2m Yy ¢
j=m j=2m+1

Since by (2.3), (2.4),

o0

= fay)
we deduce that for each m and all t >0,
2m 9] def
lim g, ()= je()+2m Y c;(1)= q,(1)
n— o j=m j=2m+1

Let T>0. Then 0<gq,,(1)<X/2, jc;(t), so that

lim g¢,,(¢)=0, 1,.,(2)] < const forall 1e{0, T]
Thus, given ¢ >0, there exists M > J such that

T
JO gu(ydt<e and  x3,(0)= Y jey<e/T  for all

I N
My

J

Y L) =) <L™' Y jLef () +¢,()T1<2L e

(2.8)

(2.10)

(2.11)

n=zM

(2.12)
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By (2.11), (2.12), there exists Ny> 3M such that for n = N,
[ gn(s)ds<2  forall re[0, 7] (2.13)
4]

Returning to (2.10) and using (2.8), (2.9), we have that for te[0, T,
n>N0’

x’}w(t)+fot p'(s) ds

<e/T+ q’jw(t)+f (Zj+2MZ) a;ici(s)ci(s)yds  (2.14)
0 \ry T
From (2.13) we obtain for te [0, T], n= N,,
ft Xy (s) ds + f r p*(t) dr ds
0 0ovo

<3a+”s JH2MY Va et () iy deds  (2.15)
070 \'7, T e

Now
M—1 n—j
Yjaci k<K Y jeb Y (j+k)eq
T3 j=1 k=M
M-—-1 n—j
<2K Y jeb Y ke
j=1 k=M
< 2K ol x5, (2.16)
and

IMY a, b <2KM Y Y (j+R)e p<aK|eolxh,  (2.17)
Ty

j=M k=M

Using (2.16), (2.17) in (2.15) and applying Gronwall’s inequality, it follows
that for all e [0, T], n= Ny,

[ ¥ty ds+ | j P(t) de ds< K,z (2.18)
0 0vY0
where K, is a constant depending only on K, T, and |/c,]|. Since

A fo pi(v) duds = fo (t—s)p"(s)ds

Y0
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it follows from (2.18) that for all n > N,
T2 T T/2
j X7 (s) ds+—f P(s) ds < K¢
0 2 (V]

With an appropriate rescaling of T, ¢, this gives (2.5).
From the pointwise convergence of ¢} (¢) and (2.5) we deduce that

TM—-1 o 0
f [ Y X i)+ Y jc,-(s)] ds<e (2.19)
0 Jj=1 k=2M j=M

In particular, since M > J,
T < T 0
j Y ay.cl(s) ds < oo, j Y by ech ds)ds<oo  (2.20)
0 k=1 0 k=1

For any [>2M, n>J+1, te [0, T] we have from (2.1), (2.5) that

J—1

1= !
5= 0= [ |5 T W, aale’s) = T Wialels) | o

< (2K leol + 1)e (2.21)

Letting »— oo and then /— oo in (2.21), we deduce by (2.20) and the
arbitrariness of ¢ that

1

=0+ [ |5 T Wossle) = T Woulclon |
k=1 k=1

0

2

for all 0 and each J, as required. In particular, each c, is continuous on
[0, ). 1

In general, even if g, , < K( Jj+k), solutions of (1.1) do not conserve
density. The next result shows that for a;, <K(j+k), the solution
constructed in Theorem 2.4 conserves density.

Theorem 2.5. Assume that a,, < K(j + k) and that ¢ is the solution
constructed in Theorem 2.4. Then for all ¢ >0,

Z je(t)=

Jj=

2 Je;(0) (2.22)

J

Proof. Let ¢" be the solution to (2.1) with ¢"(0)=¢;(0), 1<j<n.
Then, writing n for the subsequence n,, we have that c}(¢) - c;(¢) as
n— oo for each j and all 1=0. We use various relations derived in the
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proof of Theorem 2.4. In particular, from (2.7}-(2.10), (2.16) and (2.17) we
obtain for >0

t
X, (1) < X0,(0) + g5 (0) + Ko | x0(5) ds (223)
0
where K, is a constant. Fix >0 and let ¢>0. By (2.18) and
lim g (t)=g,(¢),  lim g,(6)=0, x5(0)= ) je,(0), c(0)eX*
a— o0 m— oo j=m

there exist M and N, > M, depending on ¢, such that

()l <e  1xL(0)] <e, fo X (s)ds<e forall n=N,
(2.24)
Using this in (2.23) gives
x5,(2) < Kse for n=N, (2.25)

where K is a constant. Thus, also

i Je (1)< Kye (2.26)

j=M

Writing ¢ (¢) =0 for j>n, we deduce from (2.25)-(2.26) that for n> N,

2 Jlef (1) —¢;(1)] '

j=1

Z JLer ()~ C(t)]|+2K38 (2.27)

Since 372, jej (1) =22 je;(0), letting n— oo in (2.27) gives

5 _f[cjm)—c_,(z)]\ <2Kie

and the result follows. §

Corollary 2.6. Let the hypotheses of Theorem 2.5 hold, and denote
by ¢’ the corresponding pointwise convergent subsequence of solutions to
(2.1). Then c™(t) - ¢(t) in X uniformly on compact subsets of [0, o0).

Proof. We again write n for the subsequence #,. We first prove that,
for each j, ¢} (t) — ¢,;(¢) uniformly on compact subsets of [0, c0). For this
it is clearly sufficient to show that for each m > 1,

m—1
() e [p"m) 2Y e +4pr"(0>2]

j=1
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converges to
m—1
ult) = e | p0)=T e o)+ mKp(0) |

Jj=1

uniformly on compact subsets of [0, T'), where p(0) 4 =1 J¢;(0). But this
follows from the pointwise convergence of y7 (¢) to the continuous function
¥.(2) and the fact that by Lemmas 2.2, 2.3,

d
Ey"m(t)so, te[0,T), nzm

Let I« [0, c0) be compact and ¢, — ¢ in I. By Lemma 2.2 and Theorem 2.5

lim fle”(6,) = lim le(,)] = lie(1)]

n— 0

Applying Lemma 2.7 below, we deduce that as n— oo, c¢"(¢,)— c(1),
e(t,) > c(t) in X. Hence ¢” — ¢ in C(I, X), as required. J

Lemma 2.7. (Cf. ref 2, Lemma 3.3). If y"% 3 in X and
[y = ¥, then y"— yin X.

3. CONDITIONS UNDER WHICH ALL SOLUTIONS CONSERVE
DENSITY

We first give an easily proved identity valid for solutions of (1.1)
similar to the identity given in Lemma 2.1. The reader is encouraged to
sketch the analogue of Fig. 1 for the regions R,.

Lemma 3.1. Let c be a solution of (1.1) on [0, T') and let (g;) be
a sequence. Then for I<m<nand 0<t <, < T,

Zn: ¢;(t2) = ¢t )]=£:2|:';‘R2(gj+k—gj*gk)
= 1
+%%gj+k+%(gj+k—'gk)_%g]1 W, lc(s)) ds
(3.1)
where
Ry={(jk):jk=m, j+k<n}
Ry={(jkym<j+k<n, jk<m}
Ry={(j k) 1<j<m—1,k>m, j+k<n}
Ry={(jk):m<j<n, j+k>n}
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with the sums equal to zero if the associated region is empty. (Note that
R, and R; are empty if m=1.)

Setting g;=j and m=1 in Lemma 3.1, to prove that 372, jc,(7) is a
conserved quantity, it is sufficient to prove that

tim | TS Woalels) ds=0 (32)

Oje1 k=n—j+1

Considering, for example, the case a,,=j+k, b;, =0, it is clear that we
will require more information on the solution in order to prove (3.2). The
basic plan is as follows.

(a) Taking g,=1in Lemma 3.1 and letting # — o0, obtain an identity
of the form

3 Lo =g 1=] Dulels) ds (33)

(b) Since ceX™*, for each ¢, m¥> 72 c,(1)<372,, je;(1)>0 as
m — 0. Thus, from (3.3),

lim m j D, (c(s)) ds =0 (3.4)

m— o0 1

The idea is to exploit the extra information contained in (3.4) to prove
(3.2).
Taking g;=1 in Lemma 3.1 and letting n — oo, we formally obtain

Lei(t) —c;(21)]

I
A ael

2[[ ;i ki @n+yY Y Wj,k(c(s))]ds (3.5)

= j=1 k=m-—j

In order to execute our plan, we will need to let m — o0 in (3.5) and
to be able to manipulate the resulting double series. Thus, we will require
that

%]

Z a; .¢;(5) c;(s) ds < o0 (3.6)
n Jk=1
Z ¢ 4 x(s)ds < oo (3.7)
0 k=1

This need not be the case even if (3.4) holds.
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Example 3.2. Let a;,=(jk)’ (j+k) 2 b, ,=j+k, ¢;=j7° Then
c=(c;)e X and W, (c)=0 for all j, k. Also,

Yoajpcier= bici =3 (j+k)P<o
k=1 k=1 k=1

so that ¢ is a solution of (1.1). In this case D,,=0. However, the double
sums in (3.6)—(3.7) are infinite.

Lemma 3.3. Let ¢ be a solution of (1.1) on [0, T) and let 0<¢, <
t, < T. Suppose that either (3.6) or (3.7) holds. Then (3.5)-(3.7) hold and

lim M(i 5y —"g v ) W, c(s) ds=0  (38)

m— o0 n

Proof. Setting g;=1 and m=1 in Lemma 3.1 gives

I =

n /1 n ©
o =g==[(3 ¥ +3 T )Wuens ()

j=1 i Jjtk<sn j=1 k=n—j+1

Since ce X, the right-hand side of (3.9) is bounded independently of n.
Hence, if either (3.6) or (3.7) holds, so does the other. Letting # — oo in
(3.9) and using the dominated convergence theorem gives (3.5) for m=1;
the case of general m follows from adding on a finite sum. Finally, since
ce X, for fixed ¢ we have that

m Yy ¢(t)< Y je(t)-»0 as m-oow {3.10)
j=m j=m

Combining this with (3.5) proves (3.8). |

The following easily proved bproposition gives some examples of
kinetic coefficients which satisfy either (3.6) or (3.7).

Proposition 3.4. Let c be a solution of (1.1) on [0, T). Let (r;) be

a nonnegative sequence and let «;, satisfy «;, >0 for all j &k and

o, <K(j+k) for j=n, and k= n,, where K, n, are constants. Then (3.6)
and (3.7) hold in the following cases:
(i) A pe=ri+r+o,,.
(i) a=rri+a;,.
(iii) b#;,=0 for all j, k with j=n, and k= n,.

We use below the following notation: if r is an integer, then
h(r)=[(r+ 1)/2], the integer part of (r+ 1)/2. This notation is used in
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sums over j, k space with j+ k=r up to the diagonal j= k. In practice the
reader can think of A(r) as equalling r/2.

We show that all solutions of (1.1) conserve density under the following
conditions (here K and n, are constants):

(H1) a;,=r;+ry+a;,, where (r;) is a nonnegative sequence and

,k/O for all J,k and «; , < K(j+k) for all j, k> n,.
(H2) XM jb, ; ,<Krfor all r>2n,.

Note that if g, , = b, , = 0 when both j, k > n,, then (H1)-(H2) are trivially
satisfied.

To prove conservation, we combine (3.8) with various estimates on
sums of coagulation and fragmentation terms.

Lemma 3.5. Assume (H1)-(H2). Let ¢ be a solution of (1.1) on
[0, T) and let 1€ [0, T). Then if W, (c(s))=a,,c;(s) c,(s) or W, (c(s))=
b], j+k(s)

fim JZ S W, (cls)) ds =0 (3.11)
P70 j=1 k=hin)

fim nf S Y W, (cls)) ds =0 (3.12)
B o 0]=rz k=n

lim f S (n—j) W,e(c(s)) ds =0 (3.13)

n— 0 OT

where
T={(j,k): j+k=n k<h(n), j<n—1)}

Proof. We first make some observations which restrict the regions of
summation in (3.11) and (3.13). From the definition of a solution,

;o1

umj T Y W, (els)) ds =0

Jj=1 k=hn)

Thus, to prove (3.11), we need only consider j>n, Also, set
T'={(jk)eT:k<ny—1}. Then

ny—1

[Te-nmueos<n] ¥ T W) d-o

jnnokl

as n— o0, by the definition of a solution. Thus, to prove (3.13), we need
only sum over the region R={(j, k) e T:k>ny}.
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We estimate the coagulation and fragmentation terms in (3.11)-(3.13)
separately. Let

n [ve) o0 e o)
=Y Y Jja.ce, Va=nY, Y a0

Jj=ng k=h(n) j=n k=n

Using the assumptions on a;,, for n sufficiently large,

u,< chj<3K Z ke, + Z rkck>
J=ng

k = h(n) k= h(n)
+2 Z ke, (3.14)
Jj=ng k h(n) .
v,<2 Y kck<z re+K Yy jcj> (3.15)
k=n j=n j=n

From the definition of a solution, sup,.ro,;/c(s)l<oco and
J6 X572 re;(s)ds< oo, so that as n — co,

L: i Jjei{s) ds, L: OZO: ric;(s) ds,
ft[f Jjey(s) f rkck(s))} ds 0 (3.16)

Using (3.14)-(3.16), [5u,(s)ds, [5v,(s)ds—0 as n— oo, which proves
(3.11)-(3.12) for the coagulatlon terms. Now

W, ZZ (””’j)aj,kcjck
R

—1 h(n)

< ) Y (m—DIK(G+E)+r+r]cic

j=hn) k=n—j
In the above sum, n— j< j and n— j< k. Thus,
h(n) h(n} n h(n)
< 3 g (2K Y ket rkck>+ S e Y ke
J=h{n) k=1 k=1 J=h(n) k=1

so that by (3.16), [, w,(s)ds—0 as n— co. This proves (3.13) for the
coagulation terms.
We now estimate the fragmentation terms. Let

18

5 =n

ibj,k Crap="n Z Z b, ;; (3.17)

j=n k=n r=2n
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For r =2 2n,
h(r) h(r)

”'Z r— u<2nz br 11\2 Zjbr JJ
Jj=n

Jj=n

so that by (H2), 5, <2K Y2 ,, rc, for n=n,, which proves (3.12).
Using (3.12) with n replaced by h(n), we see that to prove (3.11) we
need only estimate

hin) [ee} K q
Z Z jbj,kcj+k= z ¢, Z jbrfj,j (318)
j=ng k=~h(n} r=h(n)+ny Jj=m

where g =min(h(n), r — h(n)) < h(r). Integrating (3.18) and using (H2), we
obtain (3.11).
Finally,

n—1+h(n) h{n)

Yn=pbiciie= Y ¢, (ktn—r)b, ., (3.19)
R

r=n k=s
with s =max(ng, r —n+1). Since r > n,

(n) A(r)
Z k+n—r)b,_1 < Y kb,_,  <Kr

k=ng

and (3.13) follows. §

Theorem 3.6. Assume (H1) and (H2), and let ¢ be a solution of
(1.1y on [0, T) with po=32, jc;(0). Then

Y je(t)=p, forall te[0,7T)

lim [ 7 Y Widc(s) ds=0

R=© Y0 i) k=n—j
Set T={(j,k):j+k=n, k<h(n), j<n—1}. By (3.11) it is sufficient to
show that

lim j Z JW,a(c(s)) ds =0 (3.20)
By (3.8) and (3.12),
lim nj' Y Y Woels) ds=0 (321)

j=1 k=n—j
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Using the symmetry of W, and (3.12) with n replaced by A(n), it
follows that

lim nJ Z - ole(s)) ds =0 (3.22)

Finally, by writing jW,, =(j—n) W, +nW,, and using (3.13) and (3.22),
we prove (3.20). 1
For future applications, it is useful to generalize (3.2).

Theorem 3.7. Assume (H1) and (H2). Let (g;) be a sequence with
lg,— gl <K,|j—k| forall j, k, where K, is a constant. Then if ¢ is a solution
of (1.1) on [0, T), for all 1[0, T),

hmj Z g S W, (e(s) ds=0 (3.23)
e =1 k=n—j+1

The above result is proved in exactly the same way as Theorem 3.6.

4. UNIQUENESS

As noted in the introduction, in general, solutions of (1.1) need not be
unique (see also Section 6). However, by imposing growth conditions on
the kinetic coefficients, we are able to prove uniqueness.

Theorem 4.1. Let K>0 and 0<a < 1/2 and assume the following:

(i) a,,<K(jk)* for all j, k.
(i) XM %, _, ,<Kr'~*forall r>2.

Let coe Xt and T>0. Then there is exactly one solution ¢ of (1.1) on
[0, T) satisfying ¢(0)=c,.

Proof. Let ¢, d be two solutions of (1.1) on [0, T') satisfying ¢(0) =
d(0)=c, and set x=c~d. Let f=1—0o and
9= 3 /10
We show that
(1) < const. f s)ds, te[0,T) (4.1)

so that, by Gronwall’s lemma, 3(z)=0 and c=d.
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For AR, define sgn 4 to equal 1, 0, or —1 according as 1 >0, =0,
or A<0. Note that if ¢(-) is an absolutely continuous function of ¢, then
so is t+— |@(t)], and

d _ do
;tho(t)l—sgnfp(t) 7l (1) ae.

For te [0, T), it thus follows from the same calculation leading to Lemma
3.1 that

3 0l = [ L0+ V0] d (42)

l [ve)
Un:‘z‘ (gj+k_gj_gk)Mj,ks V,=— Z :4; Z Mj,k
Jt+k<n

j=1 k=n—j+1
gjzjﬁ Sgn(xj)
M, = Wj,k(C) — W, (d)= aj,k(cjxk+ dkxj)_ bj,kxj+k

J» >

We first estimate U,. Now

LG+ k)P sgn(x;, ) — §7 sgn(x;) — k¥ sgn(x,)]x,
=[(j+ k)ﬁ Sgn(xj+kxk)_jﬂ Sgn(xkxj)-kﬂ] ||
SLU+RP + 75 =K Ixil <277 |x,]

Thus,
(gj+ic‘gj_gk) aj,kcj‘xk‘

L
2

J+k<
<K Y ke lx,d
J+k<n
oo [=e}
<K Y je; Y k*|x,| <const. § (4.3)
j=1 k=1
since a <1 —a. We get a similar estimate for the terms involving dex;. To
estimate the fragmentation terms in U, note that
— L +k) sgn(x;, ) — j* sgn(x;) —k* sgn(x,)]x;, 4
SLP+E =G+ K T1x 04

822/61/1-2-15
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Thus,

Y (g k— &= 8u)biex,

Jj+k<n

Y UK =+ K)PTb; ]

k xj+k]
j+k<n
n r—1
< Z |xr| Z ar—j,jbr—j,j (44)
r=2 Jj=1
with a,_; = (r—j)*+ j* —r’ < j% Also,
_ h(r) h(r)
Z "J]’J]\zzar /J’jj\zz]ﬂb’ 11<2Kr
so that, by (4.4),
- Z (8+c— & — 8k)bjkC;y i Sconst. J (4.5)
Jtks<n
Combining (4.3), (4.5), for all n,
f U, (s) ds < const. j (s) ds (4.6)
0 0
Next we show that
lim J V.(s)ds=0 (4.7)

It is easy to check that the assumptions on the kinetic coefficients imply
that (H1) and (H2) hold. Thus, from (3.11)

!
lim j
n— o0 VY0

Y gM, ;| ds
S

< Jim [ ST+ ()] ds=0 (48)

where S={(j, k): k= h(n), 1 <j<n}. Hence, to prove (4.7), it suffices to
show that

e ds = (4.9)
0 g
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where S'= {(j, k): j+k=n, k<h(n), h(n)<j<n}. Now

—1 h(n) n [eS)
Y iPa; e = Z Y acia<K Y jo Y ke
S’ j=hn) k=n—j J=h(n) k=1
Hence,
!
lim j Y j%a, ;¢ ds =0 (4.10)
n— 00 vQ S’

Applying Theorem 3.7 with g, = j# and using (4.8) gives

lim f Z] (c(s)) ds=0 (4.11)

Combining (4.10) and (4.11), we deduce that

lim j z] \W, (c(s))] ds=0 (4.12)

Then (4.9) follows immediately, completing the proof. J

We can also prove uniqueness of density-conserving solutions at the
expense of making very strong assumptions about the coagulation
coefficients.

Theorem 4.2. Suppose that a;, <K for all j, k. Let c,e X" and
T>0. Then there is at most one density-conserving solution ¢ of (1.1) on
[0, T') with ¢(0) = c,.

Proof. The proof is very similar to that given for the previous result,
so we only give the main steps. Let ¢, d be density-conserving solutions
with ¢(0)=d(0)=c, and let Y(1} =277, jlx,(¢)|. From the proof of the
previous result, (4.2) holds with ,8—1 Using g;, <K, it is easy to show
that if g, = jsgn(x;), then

Y (&ix—8&— &Nejxp+ x,d)a; , < const. ¥

Jj+k<n
Also,
—[(/+k)sgn(x; ) —jsgnlx;) —k sgn(x,)1x, ., «
SL+k=(+k)11x; 41 =0
Thus,

J[ U,(s) ds <const. (1)
4]
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Finally, we have to show that

lim j zgj e ds=0 (4.13)

where U= {(j, k):j<n, j+k>n}. Since ¢ and d conserve density, by
applying Lemma 3.1 to 3.7_, j(c;,—d,), we obtain

lim fo Y M, ds=0 (4.14)
n— oo U

where M, .= W, ,(c) — W, (d). Using the bounds on a,,, it is easy to show
that

t
lim j Y ja, ;e ds=0 (4.15)
n— o vQ U
Combining (4.14) and (4.15) proves (4.13) and the result follows. §

5. CONTINUOUS DEPENDENCE

Solutions are not unique in general, so by gluing together various
solutions, we can demonstrate unpleasant analytic phenomena. For example,
leta;,, =0,b;,=1.Thenitis shownin Example 6.2(b) that there is a solution
¢ of (1.1) with ¢(0)=0 and density >, r¢,(¢1)=1 for +>0. Let ¢ be the
solution of (1.1) defined by

(t)_{o, O0<t<T
S let=1), =T

Then c is a solution on [0, o) with > | rc,(¢) discontinuous at t=T.

To obtain good analytic information on solutions, we need to filter
out these spurious solutions. Thus, in what follows we usually assume the
conditions of density conservation.

Theorem 5.1. Let ¢ be a solution of (1.1) on [0, T), T<co.
Assume that ¢ conserves density on [0, 7). Then ¢:[0,T)— X" is
continuous, and the series > 7, re,(t) is uniformly convergent on compact
intervals of [0, T).

Proof. This follows from applying Dini’s theorem to 3.7_, rc,(z). |

Theorem 5.2. lLet ¢ be a solution of (1.1) on [0,7), T< co.
Assume a;, < K(j+ k), b, < Kjk, and that ¢ conserves density on [0, T).
Then each ¢, is continuously differentiable on [0, T').
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Proof. The growth assumptions on the kinetic coefficients and
Theorem 5.1 imply that the right-hand side of (1.1) is continuous in ¢, and
the result follows. |

Definition. A generalized flow G on a metric space Y is a family of
continuous mappings ¢: [0, o) — Y with the following properties:

(i) If ¢eG and t =0, then ¢, e G, where

def

o.(t) = ¢(1 + 1), te [0, o)

(i) If ye Y, there exists at least one ¢ € G with ¢(0)=y.

(iii) If ¢;,e G with ¢,(0) convergent in Y as j— oo, then there exist a
subsequence ¢, of ¢; and an element ¢ € G such that ¢, (¢) > ¢(¢) in ¥
uniformly for ¢ in compact intervals of [0, o).

The following, which are analogues of results in Section 2, will be used
in the proof of the upper semicontinuity property (iii) for the set of density-
conserving solutions of (1.1).

Lemma 5.3. Assume q;, < K(j+ k) and let c be a density-conserving
solution of (1.1) on [0, co0). Then for a.e. =0,

. 1
=52 (J+K) Wiile)+ 2 W, ilc) (5.1)
Z> Z3
Zﬂ,k ]kc)+ Z (J+k)W k(6)+Z Wile)  (52)
Zz
and
d —1 2
= [e7 (i + 2Kmp?)1 <0 (5.3)
where
['s} 2m oo}
= Z re,, q4,.= z rc,+2m Z C,
r=m r=m r=2m+1

Z={()k):jik=m},  Z,={(jk):j+k=m, jk<m)}

Zy={(jk):1<jsm—1Lkzm}, p=73 rc(0)

and A;, u;, are as defined in the proof of Theorem 2.4.
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Proof. Applying Lemma 3.1 to x,,=p—Y"7 'rc, (1) gives X, =
Y, iWk, where Z={(jk):1<j<m—1, j+k>m}. Since Z is the
dlS_]OlI’lt union of Z, and Z,,

X —ZJ k+ZJ

Then (5.1) follows from the symmetry of Z,. Using Lemma 3.2 and
Proposition 3.3, we obtain a formula for the derivative of the second term
in q,,, and (5.2) follows by combining this with the derivative of the first
term in g,,. Finally,

X —Z] k<KmZ (j+k)c;cr <2Kmp?

from which we get (5.3). |

Theorem 5.4. Assume a;, < K(j+k) for all j, k. Let G denote the
set of all density-conserving solutions ¢ of (1.1) on [0, o). Then G is a
generalized flow on the closed metric subspace X+ of X.

Proof. By Theorem 5.1, if ce G, then ¢: [0, T) —» X" is continuous.
The semigroup property (i) follows from (2.1), while property (ii) follows
from Theorem 2.4. To check property (iii), let ¢ be a sequence of solutions
of (1.1) on [0, co) with each ¢ e G and ¢™(0) - ¢, in X as n— 0. We
repeat the proofs of Theorem 2.4 and Corollary 2.6 with ¢ playing the
role of the approximating solutions. Since the details are very similar, we
only outline the changes required. Set

§,(1)=e~"[x,(t) + 2Km(p")]

where p” is the density of ¢” and x, =3  rc’. Lemma 5.3 ensures that

r=m

we can apply Helly’s theorem to 97 . By using Lemma 5.3, we derive the
analogue of (2.10):

0= 40)+ 4500~ 65 0)+ [ | TU~2u0 )= Lt | W)

where

e e}

2m
=Y rf+2m ) ¢

r=m r=2m+1
Control of x7 (0) follows from the strong convergence of ¢*(0). Finally,

m—1 o
Y e <K Y jep ¥ (j+k)ep<2Klle" xy,
Z3

j=1 k=m

with a similar estimate for the sum over Z,. |
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We also consider the continuous dependence of solutions with respect
to weak* convergence in X. Recall that 3’ converges in the weak* sense to
y€ X (symbolically y/ *- y ) if

(i) sup, |y’ <co.
(il) y/— y,as j— oo for each r=1, 2,....

For p>0 let B,={yeX:|p|<p}. Then (B,,d) is a metric space
with metric d(y,z)=3%72,1y,—z]| Clearly, a sequence {y’}cB,
converges in the weak* sense to ye X if and only if ye B, and d(3”/, y) -0
as j—oo. For p>0 set By =B,nX"; then B is a closed metric

subspace of B,,.

Theorem 5.5. Let g;>0 with g;=0(j) as j— c0. Assume that
QS 8+ 8k, bj,ksgjgk

for all j, k. For p>0 let G, denote the set of all solutions ¢ of (1.1) on
[0, o) with ¢(0)e B, . Then G, is a generalized flow on B, .

The proof of the above theorem is a simple application of the Arzela-
Ascoli theorem, so we omit it.

6. EXAMPLES

In this section we give a number of results which highlight the role of
the assumptions on the kinetic coefficients. We begin with nonexistence
results. Let b, ;=0 and a, ;=r;+r;. A formal calculation in ref. 8 showed
that solutions with time-dependent densities do not exist for these kernels
(cf. Theorem 3.6 for a rigorous proof of this). For the case r;=j* a>1, it
is formally argued in ref. 8 that solutions do not exist globally in time. We
give two rigorous nonexistence results for kernels of this type. The first
shows that for any initial data, the corresponding solution only exists for
a finite time; the second shows that for a class of initial data, there are no
solutions even on a short time interval.

Theorem 6.1. Let b;,=0and a;,=r;+r,+a,,, where 0<q; , <
Ki(j+k)and r;>0.

(1) Suppose r;>K, j% where K,>0 and a«> 1. If ¢ is a solution of
(1.1) on [0, T) with ¢(0)#0, then T < co.

(ii) Suppose j~'r,— o0 as j— 0. Let co=(cq)eX* be such that
eXP(Vm0) 22 4 1 JCo; does not tend to zero as m — oo for all § >0, where

Vm o min; , ,, j‘lrj. Then there is no solution ¢ of (1.1), defined on any
interval [0, T'), 7> 0, and with initial data c(0) = c,.
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Proof. (i) Suppose for contradiction that ¢ is a solution of {1.1) on
[0, oo) with ¢(0)#0. Set A(1) =372, c;(¢). By Lemma 3.3, Proposition 3.4,
and (3.5), & is absolutely continuous and

h(t) — h(0) = —fo O(s) ds (6.1)
where
Q=l i aj,k"jck><§: rjcj) < i Ck) (6.2)
2,2 j=1 k=1

By Halder’s inequality,
=] x o 1—a 0
< jcj) (Z CJ) <Y J'y
j=1 j=1
Using this and the conservation of density (Theorem 3.6) in (6.2} gives
Q> K;h*~* where K; >0 is a constant. Hence, from (6.1),

()< —K;h(£)> =%  ae. te[0, o)

It follows easily from this that A(z,) =0 for some ¢,>0, which contradicts
the positiveness of the density.

(i) Let ¢ be a solution on [0, T') with ¢(0)=¢,, where T < 0. Set
U, (1)=272 1 Je;(2) for 1€ [0, T). From Theorem 3.6 and Lemma 3.1

() = 1,0 = [ pols) ds

where

o}

Pm= Z Z Ja; € = Z Jej Z T Cr
j=

J=1 k=m—j+1 1 k—m+1

By Theorem 5.1, there exists M >0 such that 37" je;(¢) > p/2 for all
m> M, te [0, T) where p is the density. Thus, for m> M, p,, = (p/2)V,ntén,,
so that

() =10 (0)> (p/2)1, | () dis
Hence u,,(t)=exp[(p/2)y.t]%,.(0), which contradicts u,,(t)—>0 as
m — o0.
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There are always ¢, € X+ satisfying condition (ii) of the above theorem
(see ref. 2, p. 670).

Next we give an exampie which shows both that the density need not
be conserved by all solutions of (1.1) and that in general we do not have
continuous dependence of solutions with respect to weak* convergence for
the set of density-conserving solutions.

Example 6.2. Let a; =0, b, ,=(i+ /), so that (1.1) takes the
form

Y k”ck—zc]('-—l)jﬁ (6.3)
k=j+1
(a) For A>0, f> —1, define a sequence y;(4) by y,(4)=1 and
%y =% V=G Dy, izl (6.4)

y;(4). Writing y, —] —BI it
6,)z;, where 6,=0(j ") and
)<const ]"(’”3) for all J. In

where ;= A+ $(j— 1) j*. Define c;(¢)
is not hard to prove that z;, ,=
y=min(3,2 + f). It follows that 0<
particular, (y;(4))e X* and

(1+
y;(4

z kﬂck“ Z( Gyt C +1):%'Cj

k=j+1

so that ¢=(c;) satisfies (6.3). Thus, for §> —1 we have a solution ¢ as
defined in Section 2 with density Ke*, K a constant. If, on the other hand,
B < —1, then from Theorem 3.6 we see that any solution of (6.3) with finite
density must conserve density.

(b) Consider the special case =0, ie., a; ;=0, b, ;= 1, so that (6.3)
becomes

. 1.
=Y ck—i(]—l)cj (6.5)
k=j+1
For r=1,2,., let c;e X* be given by cy=(r""4, ), so that |cj| =1 for
all r and ¢}, converges in the weak™* sense to the zero sequence as r — co.
The unique density-conserving solution ¢’(¢) of (5.4) with initial data cj is
given by
c(y=r e Y 20 —e )+ (1—e 7)Y (r—j—1)] it j<r
cJ()y=j""(e )1

cj(8)=0 for j>r
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Then, as r — o0, ¢" *~ &= (¢;), where ¢,(1) = (e~ ")/~ ' (1 —e~"*)%. It is casy
to check that ¢ is a solution of (6.5) with ¢(0)=0 and ||&(¢)|| =1 for all
t>0.

By taking linear combinations of the solutions in Example 6.2, it is
seen that solutions of (6.3) are nonunique for any initial data in the case
B> —1. Clearly, these are nonphysical solutions. Theorems 2.9 and 4.2
show that if we define an admissible solution of (1.1) to be a solution of
(1.1) which is a limit of the truncated system (2.1), then admissible solutions
are unique and conserve density.

Example 6.3. If a;,=j+k, b;,=0, then the conclusion of
Theorem 5.5 is false. To see this, we note that by using Theorems 5.1 and
5.2, we can differentiate the relation in (3.5) to get

M(1)= —pM(1) (6.6)
where
M) =3 c(1), p=2) Jjel2)
Also,
¢(t)= —[p+M(t)] ci() (6.7)

Solving (6.6)-(6.7) gives
¢4(t) = ¢,(0) exp{p " M(0) [exp(—pt) — 1] — pt}

Therefore, if ¢"(0) *~ ¢, with

j=1

im ¥ jej(0)=5>p=Y joo,
r—’w];l

and ¢ #0, then

(e )
lim Y
r - 0

j=1

def

ci(0)= ) co = a
j=1
and
rl_iflc}o ci(1) = co exp{(p) ™' afexp(—pt)—1] —pt}

# corexp{p'alexp(—p1) —1]—pt}
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For applications to phase transitions in a quenched binary alloy, one
set of conditions suggested by O. Penrose on the coagulation and fragmen-
tation rates is that a,, = O(;'° +k'?) and that b, =a,,0,0,(0; 1)
where Q;~z_ 7 exp(—4/'"*) with 4, z, positive constants. Note that in this
case we may have b, , ~ j'* for j large and k bounded, while for j and k
large with j—k bounded, b, is small. The physical motivation here is that
surface area considerations show that it is unlikely that a large cluster of
size j+k will split into two large clusters of size j and k (and hence
increase the surface energy by a large amount).

Proposition 6.4. (a) The hypotheses of Theorem 3.6 (conser-
vation of density) are satisfied if a;, <K(j+k), b, ,<K(j+k)
exp{A[(j+ k)" —j?~k?]}, where K, A>0and O<p<1.

{b) The hypotheses of Theorem 4.1 (uniqueness) are satisfied if
a; <K(jk), b, SK(j+k)' " exp{Al(j+ k)* — j7 —k?]}, where K, 1 >0,
O0<a<1/2, 0<p<].

Proof. We need only check the conditions on b;,. Fix B with
0<B<2-27% Then it is easy to show that there exists r, such that for
1<j<h(r)and r=r,

r—(r—jy =i’ < ~Bj" (68)

Thus, in case (a), for r=r, and 1<j<h(r), using (6.8), we have that

b,_, ;< Krexp(— Bj?), with a similar inequality for case (b). ||
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